Capillary bridges can form between colloids immersed in a two phase fluid, e.g., in a binary liquid mixture, if the surface of the colloids prefers the species other than the one favored in the bulk liquid. Here, we study the formation of liquid bridges induced by confining colloids to a slit, with the slit walls having a preference opposite to the one of the colloid surface. Using mean field theory, we show that there is a line of first-order phase transitions between the bridge and the no-bridge states, which ends at a critical point. By decreasing the slit width, this critical point is shifted towards smaller separations between the colloids. However, at very small separations, and far from criticality, we observe only a minor influence of the slit width on the location of the transition. Monte Carlo simulations of the Ising model, which mimics incompressible binary liquid mixtures, confirm the occurrence of the bridging transitions, as manifested by the appearance of bistable regions where both the bridge and the no-bridge configurations are (meta)stable. Interestingly, we find no bistability in the case of small colloids, but we observe a sharpening of the transition when the colloid size increases. In addition, we demonstrate that the capillary force acting between the colloids can depend sensitively on the slit width, and varies drastically with temperature, thus achieving strengths orders of magnitude arXiv:2003.08979v1 [cond-mat.soft] 19 Mar 2020 2 higher than at criticality of the fluid. I. INTRODUCTION Restricted geometries and confinement play an important role in physics and lead to a myriad of new phenomena which do not occur in bulk systems. Examples are numerous and include unusual drying [1] and freezing [2, 3] of confined water, quantum [4] and critical [5-7]
jevský and Parry [30] studied the bridge formation for spherical and cylindrical particles by using macroscopic and microscopic approaches. They found that the transitions are strongly first order for cylinders but can be first or second order for spheres; interestingly, for small spheres the transformation between the bridge and no-bridge states was continuous (i.e., without a transition). Labbé-Laurent et al. [32] applied a mean-field theory for cylindrical particles and also found first-order bridging transitions. Chacko et al. [33] used classical density functional theory to study solvent-mediated interactions between two blocks immersed in a simple one-component fluid. They showed, in particular, that the force acting between two solvophobic blocks exhibits a jump upon varying the block-block separation when the number density between the blocks changes from gas-like (bridge) to liquid-like (no bridge), indicative of a first-order bridging transition. Remarkably, Nowakowski and Napiórkowski [40, 41] solved analytically the two-dimensional Ising model in a strip and studied the bridge formation between chemically inhomogeneous walls. Although this formation process was found to be continuous, i.e., without a transition, in certain limiting cases it can turn into a first-order transition [42] .
An efficient way to study capillary bridging between colloids is to confine them into a slit, with the slit walls exhibiting preferences for a fluid phase which compete with those of the colloid surfaces. Such a setup has been considered in Ref. [34] , which focused on nonadditivity of colloid-colloid interactions if a binary liquid mixture is in the mixed phase. This study also showed that capillary bridges can form between the colloids in the demixed, twophase region. Here, our goal is to scrutinize the formation and breaking of such bridges. We are particularly interested in bridging transitions and colloid-colloid interactions, and their dependences on various parameters, such as temperature and the slit width. To this end, we use mean field theory in order to provide a global bridging phase diagram and to calculate the capillary forces acting between the colloids. In order to asses the role of fluctuations in this system, we perform Monte Carlo simulations for the same setup by using the Ising model, which mimics an incompressible binary liquid mixture or a simple one-component fluid.
II. MODEL AND METHODS
We consider two identical spherical colloids of radius R confined to a slit of width w filled with a two-phase fluid (cf. Fig. 1(a) ). For both mean field theory and Monte Carlo simulations, we assume the colloids to have boundary conditions opposite to those on the slit surfaces, so that they prefer different species of a binary liquid mixture (or opposite values of the spin magnetization in the Ising model). This setup allows for the formation of capillary bridges between the colloids.
A. Mean field theory
We describe a two-phase fluid by the standard dimensionless Ginzburg-Landau-Wilson (LGW) Hamiltonian in spatial dimension d:
where The order parameter ϕ(r) is the difference between the concentrations of the two species for a binary liquid mixture close to demixing (or the magnetization for an Ising magnet, see below). Within mean field theory (MFT) one has τ = t/( √ 2ξ − 0 ) 2 where t = (T − T c )/T c is the reduced temperature and ξ − 0 the nonuniversal amplitude of the bulk correlation length ξ − = ξ − 0 |t| −ν in the ordered phase (ν = 1/2 within MFT). Here, we focus solely on the ordered phase, i.e., τ < 0, which describes a two-phase fluid. We note that, on the meanfield level, Eq. (1) yields the lowest order of a systematic expansion in terms of = 4 − d of universal quantities such as critical exponents and scaling functions. Accordingly, the present mean field study can be viewed as the important first step within a general scheme.
We assume all surfaces to belong to the so-called extraordinary (or normal) surface universality class, which corresponds to the limit of an infinitely strong surface field (which expresses the preference of the surface). This implies that the equilibrium concentration profile diverges upon approaching the surface (see, e.g., Refs. [43] [44] [45] ). In order to deal with this numerical challenge of minimizing H[ϕ] under the aforementioned boundary condition, we have used a short-distance expansion (see Refs. [46, 47] ) for calculating the values of the order parameter at small distances δ from the colloidal surface (we have used δ = 0.05 × R in all calculations); we kept these values fixed in the course of minimization. This approach has proven to be successful in a number of previous studies [32, 34, [47] [48] [49] [50] [51] [52] . We have used the three-dimensional finite element library F3DM [53] for minimizing numerically the LGW Hamiltonian (Eq. (1)). In order to calculate the force acting between colloids, we enclosed the colloids by ellipsoidal surfaces and computed the force by integrating the stress tensor over these surfaces [47] .
We use the temperature scaling variable θ = −(R/ξ − ) 1/ν = t(R/ξ − 0 ) 1/ν in order to discuss consistently the mean field and Monte Carlo simulation results; note that θ = 2τ R 2 within MFT. The slit width w and the colloid-colloid separation D are everywhere expressed in units of the colloid radius R.
B. Monte Carlo simulations of the Ising model
The Ising model mimics an incompressible binary liquid mixture or a simple fluid; its Hamiltonian is given by
where σ i = ±1 is a classical spin at lattice site i so that σ i = ±1 corresponds to occupation of site i by an A particle (σ i = +1) or B particle (σ i = −1) of a binary liquid mixture and J is the coupling constant. The sum ij runs over all neighboring pairs of spins. We studied systems consisting of N x × N y × N z lattice sites, periodic in the lateral x and y directions but of finite width w = N z a in the z direction, where a is the lattice constant. As within MFT, the system contains two colloids placed a distance D apart, with their centers located in the midplane of the slit (as before, D is the surface-to-surface distance). Within this lattice model, a colloid is defined by drawing a sphere of radius R with its center located at a lattice site and with all spins within the sphere treated as being frozen [54] . For the slit walls and the colloid surfaces, we considered the strong adsorption limit [43] [44] [45] , which amounts to fixing the spins on the lattice sites next to the sites of their surface. We also assumed the colloids to have the surface spins oriented opposite to those on the slit walls, in order to facilitate the formation of a liquid bridge between the colloids.
The system size was N x = N y = 160 lattice sites in the lateral (x, y) directions. We [55] for details). We note that this method does not work close to a first-order transition due to difficulties in performing the integration.
As within MFT, we introduce the temperature scaling variable
the amplitude of the bulk correlation length in the ordered phase is ξ − 0 = 0.2431(1) in units of the lattice constant a [57] , and the correlation length critical exponent is ν ≈ 0.63002(10) [58] .
III. RESULTS AND DISCUSSIONS

A. Bridging transitions and mean field phase diagram
The numerical mean field calculations reveal the occurrence of two (meta)stable configurations ( Fig. 1(a) ) [34] . In one configuration, a bridge forms between the colloids, which is rich in the species preferred by the colloid surfaces. In the second configuration there is no bridge, but the colloids are surrounded by coronas, the thickness of which is comparable to the correlation length ξ − , and which consist of species favored by the colloid surfaces. In certain parameter ranges, we have found a first-order phase transition between the bridge and the no-bridge states, accompanied by the corresponding metastable branches ( Fig. S1 , and, cf., Fig. 4(a) ). We have computed a global 'bridging' phase diagram, which is shown in This structure of the phase diagram ( Fig. 1(b) ) is similar to the one obtained for systems without a slit [28, 30, 32] (e.g., if capillary bridges are due to an external bulk field, corresponding to an off-critical composition of a binary liquid mixture). In a slit, the phase diagram can additionally be influenced by the slit width. However, at small separations,
i.e., D/R 1/5, this influence appears to be minuscule (see the open diamonds for w = 3R and the line for w = 4R in Fig. 1(b) ). This is understandable because in this regime the transitions occur at low temperatures (i.e., far from the critical point θ = 0 of the fluid), at which the correlation length is small, as compared to the colloid radius and the slit width.
Thus the colloids are either surrounded by very narrow coronas, or they are connected by a narrow bridge ( Fig. S2 ). Therefore, in this case, the role of the slit is merely to induce an order parameter far from the colloids to be opposite to the one preferred by the colloids, which facilitates the formation of bridges as such.
The influence of the slit becomes more pronounced for larger colloid-colloid separations and closer to criticality at θ = 0. In this case, reducing the slit width induces a significant shift of the bridging critical point towards smaller separations. This is the case because the close vicinity of slit walls destabilizes the bridge, turning the transition into a continuous transformation between a bridge-like and the no-bridge state (D/R 1.7 for w = 3R in Fig. 1(b) ). C of radius R PDF = 9.5a, laying in the plane perpendicular to the axis connecting the two colloids (i.e., in the plane x = 0, see Fig. 1(a) ). This axis crosses the center of the circle, which coincides with the midpoint between the two colloids. The scaled surface-to-surface distance between the colloids is D/R = 11/9.5 ≈ 1.16, where R = 9.5a is the colloid radius and a the lattice constant 
B. Bridging transitions from Monte Carlo (MC) simulations
In order to study bridging transitions within MC simulations, we have computed the probability distribution function (PDF) of the normalized magnetization,
to have the value m. Here the sum runs over all lattice sites belonging to the interior of a planar contour line C; N C is the number of these sites. In the present study, the PDFs have been calculated within a circle with the same radius as the colloids, laying in the plane perpendicular to the axis connecting the colloids (i.e., in the plane x = 0, see Fig. 1(a) ). This axis vertically crosses the center of the circle, which coincides with the midpoint between the two colloids. The results are shown in Fig. 2(a) for three values of the rescaled temperature. At low temperature (θ = −48 in Fig. 2(a) ), the PDF attains its maximum at a negative magnetization, consistent with the boundary conditions on the slit walls preferring the negative magnetization, indicating the absence of a bridge (Fig. 2(f) ).
Closer to T c (i.e., θ = −25 in Fig. 2(a) ), the PDF is broader and the maximum is shifted towards positive magnetizations. This is due to a bridge forming between the colloids, which consists of positive spins, preferred by the colloid surfaces ( Fig. 2(d) ).
In the intermediate temperature regime, there are two peaks in the probability distribution, which are due to the bridge and no-bridge states; this corresponds to two metastable and stable branches obtained within MFT ( Fig. S1 , and, cf., Fig. 4(a) ). The appearance or disappearance of a second peak in the PDF can thus be identified with the emergence or loss of metastability of the corresponding morphological phases. We have used these data in order to determine the bridging 'phase diagram' shown in Fig. 2 In order to gain more insight into the bridging transitions, we have computed the 'fluctuation parameter', defined as
where D max is a sufficiently large separation, beyond which there is no bridge between the colloids (we took D max as the maximum possible separation which can be implemented in our setup), and
is the layer susceptibility [59] . Here σ = (1/N A ) i σ i , with the sum running over all spins in the layer, N A = N y × N z is the total number of spins in this layer, the brackets · · · indicate the statistical average, and β = J/(k B T ) is the inverse dimensionless temperature, as before. For the layer, we have chosen the plane perpendicular to the axis connecting the colloids and crossing it at the midpoint between the colloids (i.e., the plane x = 0, see Fig. 1(a) ). This parameter ∆χ monitors excess intra-layer fluctuations due to bridge formation, as discussed below.
Close to criticality θ = 0, the parameter ∆χ increases upon decreasing θ for all colloid separations considered (Fig. 2(c) ). This is the case because a bridge-like structure develops between the colloids, which increases the intra-layer fluctuations due to the formation of the interface between the positive (inside the bridge) and negative (outside of the bridge) magnetizations. At small separations (D/R ≈ 0.74 in Fig. 2(c) ), ∆χ remains nearly constant as the temperature decreases further (i.e., it becomes more negative), because the bridge is and remains the only stable configuration. This can be contrasted with a larger separation (D/R ≈ 1.79 in Fig. 2(c) ), for which there is no bridge at sufficiently low temperatures, and hence ∆χ decays to zero for further decreasing temperature. However, for intermediate distances (D/R ≈ 1.16 and 1.37 in Fig. 2(c) ), ∆χ exhibits pronounced peaks, which are due to bistability. In these cases, in addition to the contribution of the interface fluctuations, the peaks in ∆χ emerge also because both the bridge and the no-bridge states contribute to the statistical average.
C. Rounding off and sharpening of the bridging transition
It is known that bridging transitions are rounded off by fluctuations [22, 32, 60] . In the Monte Carlo simulations discussed above, this is reflected by the fact that, unlike in MFT, we could not detect a sharp first-order transition between the bridge and the no-bridge states. Instead we observed a bistable region, in which both configurations were stable or metastable ( Fig. 2(b) ). The order parameter profile in such a bistability region is an average of both configurations, and appears as a state with or without a bridge, depending on the relative contribution of each of these two states (see Fig. 2 (e) for the case in which the observed average configuration in the bistable region appears to be the one with a bridge).
In order to investigate the rounding off of the bridging transition in more detail, we have studied its dependence on the colloid radius. Interestingly, we observed no bistability for small colloids. Figure 3(a) shows the normalized probability density functions (PDFs) for colloids of radius R = 3.5a, which demonstrate that there is a continuous transformation between smeared-out bridge and no-bridge states, without a bistability region in between (i.e., two peaks in the PDF). A similar result has been reported in Refs. [30, 61 ] for a bulk system (i.e., two colloids without a slit) with a square-well fluid-fluid interaction potential.
In the present case, the absence of bistability shows up also in the fluctuation parameter ∆χ, which does not exhibit a strong peak associated with the presence of bistable bridge and no-bridge configurations (compare Fig. 3(b) and Fig. 2(c) ). the bridge and no-bridge states, sharpen and become more pronounced, and the minimum between them deepens, upon increasing the colloid radius. Thus, in line with the arguments provided in Ref. [22] , the rounding off of the bridging transition weakens for larger colloids. We therefore expect a de facto sharp transition (accompanied by hysteresis) for experimentally relevant, macroscopically large colloids, similarly as predicted by MFT. 
D. Capillary forces between confined colloids
First, we calculated the force acting between the colloids by using mean field theory. For a wide slit (w = 4R in Fig. 4(a) ), and starting from bulk criticality θ = 0, the absolute value of the force increases drastically as the temperature decreases towards the bridging transition.
Remarkably, the strength of the force attains values an order of magnitude stronger than the corresponding force at the bulk critical point of the fluid. At the transition, when the bridge breaks, the force drastically drops and virtually vanishes. The dotted lines in Fig. 4(a) show the force associated with the metastable states, suggesting the possibility to observe hysteresis. In line with Ref. [34] , we found that the hysteresis loop widens upon decreasing the colloid-colloid separation, and the force can become even a few orders of magnitude stronger than at the bulk critical point (Fig. S3 ) [34] .
For a narrower slit, when there is no first-order transition and the transformation between the bridge and no-bridge configurations proceeds continuously (see w = 3R in Fig. 4(b) ), accordingly the capillary force also becomes a continuous function of temperature ( Fig. 4(a) ).
Interestingly, the strength of the force becomes significantly reduced upon narrowing the slit.
This reduction is likely due to the closer proximity of the slit walls, which impairs the bridge formation and hence weakens the force.
Our Monte Carlo simulations confirm that the strength of the capillary force decreases with decreasing the slit width ( Fig. 4(b) ). For the wider slit, w ≈ 4.1R, the force drops practically to zero at low temperatures (at θ ≈ −9 in Fig. 4(b) ), similarly as in MFT, which is likely due to the occurrence of a first-order bridging transition. It must be noted, however, that in this region our method for computing the force becomes inaccurate due to the onset of bistability (notice the wide error bar at θ ≈ −9 for w ≈ 4.1R in Fig. 4(b) ).
IV. CONCLUSION
We have studied the formation and breaking of capillary bridges between colloids immersed in a two-phase fluid confined to a slit, with the slit walls and the colloid surfaces having opposite preferences for one of the fluid phases (e.g., for the species of a binary liquid mixture). We reported that, depending on the slit width and colloid-colloid separation, the formation and breaking of bridges can proceed via a first-order phase transition, or continuously without a bona fide transition.
By using mean field theory (MFT), we determined a bridging phase diagram. It consists of regions in which the bridge and the no-bridge states are stable; these regions are separated by a line of first-order phase transitions, which ends at a critical point. At small colloidcolloid separations, the transitions occur at low rescaled temperatures (i.e., far away from the bulk critical point of the fluid) and extend towards criticality as the separation increases ( Fig. 1(b) ). This phase behavior is similar to the case of colloids in the bulk (i.e., without the slit) [28, 32] . In a slit, however, the bridging transitions are additionally influenced by the slit walls. In particular, we found that the bridging critical point is shifted towards smaller separations as the slit width decreases, so that a transformation between the bridge and no-bridge states can become continuous, without a transition ( Fig. 1(b) ).
We have calculated the capillary force acting between the colloids (Fig. 4 ). In the vicinity of a first-order transition, concomitant by hysteresis, the force can vary significantly along the hysteresis loop. It is an order of magnitude stronger than the forces at fluid bulk criticality, provided there is a bridge between the colloids, but it drops abruptly when the bridge breaks. At sufficiently large colloid-colloid separations, the transition may disappear upon decreasing the slit width, and the force becomes a continuous function of temperature.
Remarkably, in this case the strength of the forces weakens considerably (Fig. 4 ). This change in the behavior of the force can be used as an experimental indicator of the occurrence of the bridging transition.
We have also performed Monte Carlo simulations of the same system by using the Ising model, which mimics an incompressible binary liquid mixture or a simple fluid. By calculating the probability density function for the magnetization, and identifying its maxima with the bridge and the no-bridge states, we confirmed the presence of wide bistability regions, in which these two states are stable or metastable. The corresponding phase diagram has a structure similar to that predicted by MFT (see Figs. 2(b) and 1(b), respectively). However, we found no bistability in the case of small colloids (such as for R = 3.5a, where a is the lattice constant, see Figs. 3(a) and (b) ). This result is consistent with the findings reported in Refs. [30, 61] (see also Refs. [22, 32, 60] ), where it has been demonstrated that, for a bulk system (i.e., in the absence of the slit) with a square-well fluid-fluid interaction, the bridging transitions occur only if the colloids are sufficiently large compared to the microscopic length scale. We also showed that, upon increasing the colloid radius, the maxima of the probability density function become more pronounced, and a minimum between them deepens, which indicates a sharpening of the (first-order) bridging transition [22, 32, 60] 
